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Chow [3] considers the question, if R and S are Noetherian graded Cohen- 
Macaulay K-algebras, under what circumstances is their Segrt product also 
Cohen-Macaulay. We now wish to pursue these considerations from the follow- 
ing two geometrical perspectives: 
Let V and ?V be arithmerically Cohen-Macaulay varieties inthe projective 
space PKn over an infinite field K. We state additional necessary and sufficient 
conditions when the SegrC embedding of V x W is again an arithmetically 
Cohen-Macaulay variety. Inaddition, we investigate when the SegrC embedding 
S(V x W) is an arithmetically Buchsbaum variety. We obtain a very useful 
criterion for complete intersections (see Corollary 1). 
Generally, the theorem of this paper yields the criterion for Noetherian 
graded Cohen-Macaulay modules over a graded K-algebra. The statement (i) of 
this theorem yields Chow’s main theorem for our graded K-algebras (see 
Corollary 2). We also get the statement (i) of [22, Theorem 4.4.41. Our theorem 
implies the following Corollary. 
COROLLARY. Let V C P and WC Pm be arithmetically Cohen-Macaulay 
varieties with dimension 31. Then we get for the Segre’ embedding S( V x W): 
(i) S( V x W) is an arithmetically Cohen-Macaulay variety ;f and only if 
the arithmetic genus (see [23]) of V and W is zero. 
374 
OOZl-8693/78/0542-0374$02.00/O 
Copyright 0 1978 by Academic Press, Inc. 
AU rights of reproduction in any form reserved. 
SEGti PRODUCTS AND APPLICATIONS 375 
(ii) S(V X IV) as an arithmetically Buchsbaum variety if and only if the 
regularity index (see Section 1) of V and W is 61. 
Since for nonsingular curves the arithmetic genus agrees with the usual 
genus, we obtain by the application of this Corollary better information than 
Seidenberg [15] for the construction of arithmetically normal irregular surfaces 
free of singularities ( ee Proposition 8 and Example 2). Our observations even 
yield for every given dimension arithmetically normal nonsingular projective 
varieties, which are nonarithmetically Cohen-Macaulay, but arithmetically 
Buchsbaum varieties (see Proposition 9). 
Furthermore, we note that the SegrC embedding S(V x W) is a locally 
Cohen-Macaulay variety iff V and W are locally Cohen-Macaulay varieties 
(see Proposition 6). Of course, this statement is true because the local behavior 
of V x W does not depend on the embedding, so the theorem that the tensor 
product of two K-algebras is Cohen-Macaulay iff the factors can be applied. 
Using our Ktinneth relation we will give a direct proof. An example shows that 
in general S( V x W) is not a locally Buchsbaum variety, when V and W are 
locally Buchsbaum varieties (see Proposition 7). 
We wish to thank Professor David Eisenbud for a discussion we have had with 
him during the preparation of this paper. 
1. NOTATION AND PRELIMINARY RESULTS 
We assume throughout that K is an infinite field. By a graded K-algebra we 
understand a Noetherian graded ring R = oizO Ri satisfying the following 
conditions: 
(i) RR, = K (i.e., every R, is a vector space over K); 
(ii) the maximal ideal m := Q&z1 R, is generated by R, . 
With the usual notation, let 1M := oicie Mi be a graded R-module. Thereby 
we let [Ml, denote the ith graded part of M, i.e., [M], = Mi . Let p be an 
integer and M a graded R-module. We let M(p) denote the graded R-module 
whose underlying module is the same as that of M and whose grading is given by 
[M@>li = [Ml,+i for all integers i. 
It is well known that the vector spaces [Ml, have finite dimension for all integers 
i whenever M is a Noetherian or Artinian graded R-module. If M is a Noetherian 
graded R-module, we let H(n, M) for all n E Z denote the Hilbert function of M, 
i.e., 
H(n, M) = ra&(P%). 
Since M is Noetherian there is a polynomial h(t, M) E Q[t] and an integer n, 
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such that H(n, M) = h(n, M) for all n 3 n, . The smallest such integer is 
called the regularity index of M, which we denote by r(M). 
For an arbitrary graded R-module M we put 
and 
e(M) := sup{?2 / [n/r], # O}. 
nsz 
If M # 0 is Noetherian or Artinian then u(M) resp. e(M) is finite. 
Let M, N be two graded R-modules. By Hom,(N, M) we denote the set of 
homomorphisms f of the underlying modules such that f([N]J C [Ml, for all 
i E H. The restriction off to [Wj, we denote by [fli . The derived functors of 
Hom,(N, M) are Extai(iV, M). Extai(iV, M) denotes the graded R-module 
given by 
[Ext,$(N, M)]% = Ext&V, M(n)) for all n EZ and i 2 0. 
For all i > 0 let W(R, M) or, if confusions are excluded, W(M), denote the 
K-vector-space 
& Extai 
11 
(gRj,M) =l&Extd(m”,M) 
/ n 
(the corresponding maps are given by the inclusions m”+l C m%). Now let 
@(R, M), or briefly p(M), be defined by @peZHi(R, M(p)), i.e., 
p(M) = & ExtRi(mlL, M). 
n 
p(M) is a graded R-module with [@(M& = W(M(n)). As usual we define 
the local cohomology u”,i(M) of M with support in the maximal ideal m of R by 
Hrrii(M) : = lim ExtRi(R/mn, M). 
R 
Thus, for i > 1 we have isomorphisms 
H”(M) s gip(M) 
and an exact sequence 
0 --f &,o(M) --f M - @O(M) - &l(M) -+ 0. 
Analogously, we have isomorphisms for i > 1: 
Exta’(m, M) E Exti,+‘(Rlm, n/r) 
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and an exact sequence 
0 -+ Hom,(R/m, M) -+ M -+ Hom,(tn, M) - Ext$(R/m, M) - 0. -- 
If M is Noetherian, all &,,i(M) are Artinian graded R-modules. Since &i(M) 
and fC,,~JMn) are isomorphic in a canonical way (over R,,), all properties 
well known from local algebra are valid, for example, for Noetherian graded 
R-modules M: 
and 
&i(M) = 0 for i > dim M (= Krull dimension of M) 
&yyM) # 0. 
Because of the definition of ZJ,,,i(M) there is a natural homomorphism for all i 
#: Ext$(R/m, M) - &YM). -- 
Now, let R, and R, be graded K-algebras with the maximal ideals nt, resp. 
nt, _ Let Ml and Ma be graded RI- resp. R,-modules. We denote by uK(Mr , M,), 
or briefly o(M, , Ma), the SegrC product of Ml and 111, over K. uK(Ml, M.J is a 
graded a,(R, , Ra)-module with 
This definition corresponds to Chow’s SegrC product of order (1, I). In this 
connection we want to point out that the general SegrC products of order (d, e) 
can be reduced to the case d = I, e = 1 (see [7, p. 10551). 
Finally we recall some definitions from local algebra. Let (A, m) be a local 
ring (with maximal ideal nt) and M a finitely generated A-module. M is called a 
Cohen-Macaulay module resp. a Buchsbaum module, if for every system of 
parameters si ,..., xd (d = dim M > 0) of M and all i = l,..., d:
resp. 
( x1 ,..., xi--l) M: x&q ,..., xi-J M = 0 
in[(xi ,... , xiel) M: xi/(x1 ,..., xi-J M] = 0. 
The theory of (local) Buchsbaum rings developed from an answer in [21] to a 
conjecture of Buchsbaum [I, p. 2281. In [18] we found a geometrical interpreta- 
tion of Buchsbaum rings (see also [19, 141). In particular, we know that the 
difference between the length and the multiplicity of any ideal q generated by a 
system of parameters in a (local) Buchsbaum ring is independent of q, i.e., the 
difference can be determined by an invariant of A. 
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Now, let R be a graded K-algebra with the maximal ideal nt and M a 
Noetherian graded R-module. M is said to be Cohen-Macaulay module resp. 
Buchsbaum module if M, is Cohen-Macaulay resp. Buchsbaum module over 
R,,, . We know that M is Cohen-Macaulay if and only if a,,,i(M) = 0 for all 
i # dim M. The main theorem in [20] says that M is a Buchsbaum module if the 
natural maps ‘pi mentioned above are surjective for all i # dim M. M is said to 
be local Cohen-Macaulay resp. local Buchsbaum module, if M, is Cohen- 
Macaulay resp. Buchsbaum module over R, for all (homogenous) primes 
p # m of R. 
By depth M resp. dim M we denote the integers depth M,, resp. dim M,,, . 
2. THE MAIN THEOREM 
THEOREM. Let RI and R, be graded K-algebras and MI , M2 graded RI- resp. 
R,-Cohen-Macaulay-modules ofjinite type with Krull dimensions di3 2, i = 1, 2. 
(i) e(M, , MJ is a Cohen-Macaulay module (OWY u(RI , R,)) if and only if 
QG) < 4%) ad +%) G 4W; 
(ii) o(M, , MJ is a Buchsbaum module if and only if 
+JG) < a(MA + 1 and r(MJ < 4%) + 1. 
This Theorem immediately yields the following 
COROLLARY 1. Let R = K[xO ,..., x ], S=K[y, ,..., ym], ada=(fi ,..., f&C
R, b = (gl ,..., gJ C S homogeneous ideals of the principal classes t resp. s with 
n-r, m--s>I. Then 
(i) u(R/a, S/b) is a Cohen-Macaulay ring if and only $ 
(ii) u(R/a, S/b) is a Buchsbaum ring if and only ;f 
gl dedfd G n + 1 and i deg(gi) < m + 1. 
j=l 
The proof is an immediate consequence of the Theorem and the fact that 
@ia) = --n + Ck, dqdfd, analogous for r(S/b) (see, for instance, [4, 1421). 
Before embarking on the proof of the Theorem and on the constructions of 
the example in Section 3, we must prove several preliminary results. For these 
in turn we need Kiinneth relations for SegrC products which seem on the verge 
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of being “well known,” but which we cannot locate in the literature. Therefore 
there is a proof of our Kiinneth relation i [17]. We remark that Lemma 1 also 
yields [22, Theorem 4.1 S]. 
The following lemma yields omething more: 
LEMMA 1. Let R, , R, be graded K-algebras with maximal ideals nt, and m, . 
Let MI and M, be graded R,- resp. R,-modules. We put R := uK(MI , M,), 
and 
in” := uK(inIn, in,“) = (uK(in, nt,))“. 
Then for all i >, 0 and all n > 1 there are natural homomorphisms 
n, MI), ~&(m,” , M,)) -+ Extk(m”, M) 
and for all i > 0 natural isomorphisms 
(Kiinneth relations) 
High points of the proof. (For the details of the proof see [17].) We take 
injective r solutions MI + 1; and M2 + 1; . Then the SegrC product (~~(1; ,I;) 
yields a(not necessarily injective) resolution fuK(ikfr , M,) = M. Thus we have 
by [2, p. 831, formula (2) natural homomorphisms 
z,&: H’(Hom(mn, a& , Ii))) -+ Ext’(ntn, M). 
Applying the Ktinneth relation from [2, Theorem 3.1, p. 1131 we get that the 
complex H’(Hom(m”, CT&I; , Ii))) is isomorphic to the complex 
H’(Hom(mrn, I;)) @ H’(Hom(m,“, Ii)). 
K 
(Note that TorIK = 0 and 
Hom(m”, ‘~~(1; ,I;)) g Hom(m,“, 1;) @ Hom(ntZn, 1;) 
K 
since for arbitrary graded RI- resp. Rt-modules MI and M, 
Hom(m”, uK(Ml, MS)) s Hom(mr”, MI) @ Hom(man, I&).) 
K 
Summarizing all this we get natural homomorphisms 
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Taking the limit over all n we obtain natural homomorphisms: 
p: @ (EP(M,) 9 H”(W)) + HyM) for all i 2 0. 
r+s=i 
It is not hard to show that Hi(cr,(l, I,)) = 0 f or injective graded modules I, , I2 
and i > 0. By our above remark I,&” is also an isomorphism. Therefore by [2, 
Proposition 4.4, p. 871 #i is an isomorphism for any i 3 0. Taking the direct 
sum over all gradings, we get the statement of Lemma I. Q.E.D. 
Remark. We have examples which show that the natural homomorphisms 
hni for i > I are not isomorphisms. 
First of all we give two immediate consequences of the Kiinneth relation: 
COROLLARY 1 .I, Let Ml , Mz graded Noetherian R,- resp. R,-modules. Then 
depth a(M, , MS) > min{depth M, , depth M,}. 
COROLLARY 1.2. Let Ml , M, be as in the Theorem, 171 := u(ntl , lx.&. Then 
we have: 
(i) Ii,“(u(Ml , MJ) = 0 for all i with i # dl , d, , dl + d, - 1; 
Proof. Note that @(Mj) = 0 for i # 0 and i # dj - 1 and g”(Mj) g Mj , 
Hdj-l(Mj) g fl2,(M,) for j = I, 2. The statement follows from the Kiinneth 
relations of Lemma 1. Q.E.D. 
LEMMA 2. Let R be a graded K-algebra and M a Noetherian graded R-module 
with d:=dimM> 1. 
(i) If depth M > 1 then [Ml, # 0 for all n 2 a(M). 
(ii) ln[Hmd(M)ln # 0 for aZZ n < e(flWd(M)). 
Proof. If [Ml, = 0 then [RI, [M],-1 C [Ml, = 0. Since m is generated by 
[RI, this implies 
[Ml,-, C 0: ,+,[Rll = 0: ,,,tn = 0 (since depth M > 1). 
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By induction we have [Ml, = 0 for all i < n, i.e., 7t < a(M). Since d 3 1 we 
have u,,,d(M) g g”,d(M/H,,o(M)) and thus we may assume depth M > 1. Let 
x be a homogenous element of degree 1 with 0: .+ = 0. The exact sequence 
yields an epimorphism (dim M/xM(I) = d - 1 implies H,,,d(M/xM(l)) = 0) 
H”,vq L Hmdww)) = ~,Jllld(W (1). 
From this we obtain for all n EZ epimorphisms 
mndw)ln 2 w”Idw)ln+I 1 
If I~[H,,,~(M)], = 0, we get by an easy induction argument: 
for all i > 71, i.e., Q.E.D. 
LEMMA 3. Let R be a graded K-algebra and M a Noetherian graded Cohen- 
Macaulay R-module. Then 
H(n, M) - h(n, M) = (-l)d rankK([H,,d(M)],) for al2 n EZ. 
Proof. By [16, Nr. 791 we have for arbitrary Noetherian graded R-modules 
M: 
h(n, a) = c (- l)i rank,(W(X, n(n))) 
i>O 
where X := Proj R. 
for all n 5 Z, 
The connection with local cohomology yields 
H(n, M) - h(n, M) = C (- 1 Y ra~k4Z~li(~Nn) 
i>O 
for all n E Z. 
Since M is a Cohen-Macaulay module the assertion follows. Q.E.D. 
LEMMA 4. Let Ml , M2 be as in the Theorem. Assume further 
Y(MJ < a(MJ + 1 and 
Then the natural homomorphisms (M := a(Ml , M2), R := u(R1 , R,)) 
vi: E,i(R/nt, M) + ami 
are surjective for all i with 0 < i < dl + d, - I. 
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Proof. By Corollary 1.1 we have depth M 2 2. Therefore it is sufficient to
prove the surjectivity of the corresponding natural homomorphisms 
cj?: ExtRi(nt, M) -+ &P(M) for all i with 1 < i < di + da - 2. 
Let $j”: Extij(mj , Mj) -+ H”(Mj) denote the natural maps forj = 1,2 and all k. 
Analyzing the proof of Lemma 1, we obtain for each i a commutative diagram: 
where 
But Q(MJ, H”(M,)) = 0 for (y, s) # (0, 0), (0, 4 - 11, (4 - 1, 01, (4 - 1, 
d, - 1) (see Corollary 1.2). Note that we may assume $Sjo = id for j = 1,2. We 
want to show that ~r(f?;p-~, id)and cr(id, +2-l) are surjective. Then we are done 
because this implies the surjectivity of9)i and thus by our commutative diagram 
the surjectivity of $9 for each i with 1 < i < dl + d, - 2. 
For this reason let us assume r(M,) < a(M,) + 1. We put a := a(M,), 
e := e(Hdl-l(M,)) = e(&il(Ml)). By Lemma 3 we have r(M,) = e + 1 and 
consequently e < a by our assumption. If e < a then u(H~I-~(MJ, M,) = 0 
and u($-1, id) is surjective. Assume e = a. Then 
and 
[u(H~‘-~(MA, MAIn= 0 forn fe 
[u(H~‘-~M), M,>le = [E+‘WA 0 P&la . 
K 
$,“l-1 is the embedding 
ExtdiP1(rn, Ml) E Hom,l(R,/nt, , Hdl-‘(Ml)) C Hdl-‘(M,). --RI 
But since m,[~d~-l(Ml)]e = 0, [@-lie is an isomorphism. Hence u(+$-l, id) is 
surjective (even an isomorphism). The same arguments yield the surjectivity of 
o(id, $53~~). Q.E.D. 
Proof of the Theorem. (i) Corollary 1.2 shows that u(M, , M,) is a Cohen- 
Macaulay module if and only if 
u(U$$MJ, M,) = @‘f, , &T2(M2)) = 0. 
Using Lemma 2 we see that this is possible if and only if e(&‘JMl)) < a(M,) 
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and e(I&(I&)) < a(M,). But with Lemma 3 we have for i = 1,2: e(&(J&)) = 
u(Mi) - 1. This proves statement (i). 
(ii) By Lemma 4 vi is surjective for all i with 0 < i < dI + d, - 1. From 
[20, Theorem I] we get that a(M, , M,) is a Buchsbaum module. 
Assume now that u(M, , Mz) is a Buchsbaum module. Then [14, Lemma 31 
yields m . fi,,t(o(M, II&)) = 0 for all i = O,..., d + d, - 2. Using Corollary 
I .2 we get 
0 = nt . o(@~~(M~), M,) = o(in,~~I(ic-IJ, iit,fII,J. 
Therefore Lemma 2 yiels e(Hdl(M,)) < a(M,) and by Lemma 3 we obtain 
r(ilIJ - 1 < a(&). Analogously we get r(M,) - 1 < a(&). This proves 
statement (ii). Q.E.D. 
PYOO~ of the Corollary stated in the Introduction. Let R, = Ml and R, = M, 
be the homogeneous coordinate ring of V and W, respectively. We set dim(V) = 
d and dim(W) = 6. Since a(R,) = 0 we obtain by the application of the Theorem 
that S(V x W) is an arithmetically Buchsbaum variety if and only if r(R,) =: 
Y(V) < I and Y(R,) =:r(W) < 1. 
S(V x W) is an arithmetically Cohen-Macaulay variety if and only if 
Y(V) < 0 and Y(W) < 0. Therefore we have: 
1 = N(0, R,) = h(0, R,) = h, and 1 = H(0, R,) = h(0, R,) = h, , 
where h, and h, are the coefficients of the binomial coefficient (0”) of Hilbert’s, 
characteristic polynomial h(t, R,) and h(t, R,), respectively. Since the arithmetic 
genus of V, pa(V) say, is given by p,(V) = (-l)d (h, - 1) (see, e.g., [5] or [23]) 
we get pa(V) = pa(W) = 0. If pa( V) = pa( W) = 0 we again obtain: H(0, R,) = 
1 = h, = h(0, R,) and H(0, R,) = 1 = h, = h(0, R,). Therefore Lemma 3 
yields that [&?~l’(R,)], = [lifit+,‘(Rn)lo = 0. Statement (ii) of Lemma 2 shows 
that e(H$:‘(R,)), e(&:l(Rz)) < 0. Applying Lemma 3 we get that H(n, RJ = 
h(n, Ri) for all n > 0 and i = 1, 2, i.e., Y(V), r(W) < 0. Q.E.D. 
We now want to relate our results to some work of Chow [3]. We still need the 
following: 
LEMMA 5. Let R be a graded Cohen-Macaulay K-algebra with dimension m 
and maximal ideal m. Then we have: 
m + r(R) = i:f{t 1IT? C (x1 ,..., x ), where x1 ,..., x is an arbitrary system of 
parameters consisting of forms of degree l} = : t, . 
Aoof. We set r =: r(R) and S =: R/(x1 ,..., xn). We first show 
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(1) t, < m + r: Since R is Cohen-Macaulay we have: 
go (’ - ;:“1 + ’ j H(i, s) = ff(r, R) = h(r, R) 
= g (’ - 2-y - ‘j H(i, S). 
/ 
Of course, we have (r-2Ji-l) = 0 for Y + 1 < i < Y + m - 1, and for 
i>r+m: 
( r--i+m--1 <0 if m is even, m-l >O if m is odd. 
From this it follows that H(i, 5’) = 0 for all i 3 Y + m, i.e., ntr+*” _C (x1 ,..., x ,). 
We now show 
(2) t, 3 m + r: Since ntto C (x1 ,..., x ) we have H(i, S) = 0 for i > t, . 
From this it follows that h(t, R) = x:i=O ( -m--l to-1 t ‘+?‘+-l) H(i, S), i.e., h(t, R) = H(t, R) 
ift~to-l.Ift,-m~t<t1,-lthenwehaveforalliwitht<i~t,-l: 
c-m-1 t i+m-l) = 0, i.e., h(t, R) = If=, (“-Et-‘) H(i, S) = H(t, R) for all t > t,, - m, 
and we obtain r(R) < t, - m. Q.E.D. 
Remark. Using this Lemma we can calculate the regularity index of a 
perfect homogeneous polynomial ideal without knowing Hilbert’s characteristic 
function (see Example 3). 
We are now in a position to prove the main theorem of [3] for our graded 
K-algebras. 
COROLLARY 2. Let R, and R, be graded Cohen-Macau2ay K-algebras with 
dim(R,) =: dI 3 1, dim(R,) =: d, > I. The Segre’ product o(R, , R,) is a 
Cohen-Macaulay K-algebra if and only if R, and R, are proper, i.e., there exist 
systems of parameters x1 ,..., xd, E R, and y1 ,..., ydz E R, consisting of forms of 
degree 1 such that ntfl C (x1 ,..., xdl) and nt$ C (yi ,..., yd,). 
Proof. Lemma 5 shows that d, + r(RJ < di for i = I, 2. Therefore state- 
ment (i) of the Theorem yields the Corollary. Q.E.D. 
These previous results how that the arithmetically Cohen-Macaulay property 
(and the Buchsbaum property) is not transferred in general to the SegrC pro- 
duct. Therefore we look into the local behavior in respect to the Cohen-Macaulay 
property. One obtains essentially from the Kiinneth relation the following 
result for a geometrical application. 
PROPOSITION 6. Let V C pn and WC (ID”‘ be varieties with dimension d 3 1 
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and 6 3 1, respectively. The Segre’ embedding S(V x W) is a locally Cohen- 
Macaulay variety if and only ;f V and W are locally Cohen-Macaulay varieties. 
Proof. Let R, , R, , and R be the homogeneous coordinate rings of V, W, 
and S( V x W), respectively. We have p(R,) = @P)EZ p( V, O,(p)) and analogous 
&F(R,) and E(R). Using the Kiinneth relation from Lemma 1 we get 
Hi(R) = @ GV,), H”(W 
r+s=i 
for all i >, 0. 
(1) Suppose now that V and W are locally Cohen-Macaulay. Then we 
know that the modules p(R,) and II” have finite length over K for 
r = I,..., d-lands=1 ,..., S - 1 (see, e.g., [8] or [20]). However, we have 
the following exact sequence for i = I, 2: 
0 ---f HQR,) --j Ri - HO(Ri) - &(Ri) - 0, (*) 
where also &JRJ and &i(RJ have finite length, which shows that [&f”(Ri)], = 
0 for IZ <O. If 1 <Y + s = i < d + S - 1 then we see that [a(p(R,), HS(RJ)],#O 
only for finite many n, i.e., @(R) has finite length for 1 < i ,< d + 6 - 1. Since 
[Ho(R = [4H”(Rl), H”(R2L = WoWIn OK [iYoWL we obtain that 
[L;i”Wln = 0 f or 12 < 0. Therefore it follows from the exact sequence 
0 + &P(R) + R + HO(R) - &l(R) + 0 that &O(R) and I&l(R) have finite 
length. Hence we see that p(R) has finite length for i = 0, I,..., d + 6, i.e., the 
SegrC embedding S(V x W) is a locally Cohen-Macaulay variety (see, for 
example, [8]). 
(2) Without loss of generality we assume that V is not locally Cohen- 
Macaulay. Then there exists an integer r with 0 < r < d - 1 such that &:l(R,) 
has not finite length, i.e., we have [~~~l(R,)]-n # 0 for infinite many positive 
integers n. This is also true for [p(R,)] because &:‘(RJ e p(R,) for each 
r > 1 and we have the exact sequence (*) for r = 0. Now the SegrC product 
o(&P(R,), &f6(R,)) has the direct summand F+*(R). Since 1 < Y + S < d + 6 
it is sufficient to show that this summand has not finite length. This statement 
but follows directly from Lemma 2(ii) applied to HkT1(R2) s &F(R,). 
From this it follows that yd’+‘(R) ha s not finite length and this is the required 
contradiction. Q.E.D. 
3. EXAMPLES 
PROPOSITION 7. Let V C pIcn and WC pKn be locally Buchsbaum varieties. 
It is not true in general that the Segrk embedding S( V x W) is a locally Buchsbaum 
variety. 
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EXAMPLE 1. Let V C P4 be the surface given parametrically by 
{to3, t 2t t t t t t (t - to), t,yt, - to)>. 0 1, 0129 02 2 
We know that V is a locally Buchsbaum variety, by [14, Corollary 71. Let X be 
the SegrC embedding S(V x IFpl) C Pg. 
Chim. The local ring of X at the origin of [FDs is a non-Buchsbaum ring, i.e., 
X is not a locally Buchsbaum variety. 
This statement proves our Proposition 7. 
Proof. The surface V is given by the imperfect ideal 
pv =: (x1x4 - x x 2 3 3 xOxlX2 - xOX22 + x12X3 9 x0X2x3 - x0x2x4 + X1X32> 
x0x3x4 - x0x42 + x33) c K[xo ). ., x4] 
(see [12, p. 3341). 
Therefore the SegrC embedding X is given by the following ideal: 
Px =: (X2% - X4X6 , x2xg - x4x7 , x3x9 - x5x7 , x0x2x4 - x0x42 + X22X6 ,
xdc2x5 - x1x42 + x22x7 , x0x3x5 - xOx52 + x@s2, X1X3X5 - X1X52 + X32X7 , 
X0X4% - X0X4% + x2x62, 0 4 7 x x x - x0x4x9 + X3X62, x0x5x, - x,x,x, + x2x72, 
x1x5x7 - $%xg + x3x72, X0X& - x0x*2 + X63, X0X6X9 - X1X82 + X62X7 , 
xOx7xB - xOx92 + x6X72, xlx$g - x1xg2 + x73, x0X3 - X1X2 , X0X5 - X1X4 , 
‘0’7 - xlx6 , xOxS - xlxs , x3x4 - x2x5 , x4x7 - X5X6 , X,X, - X5X8 , 
X3X6 - x2x7 , x6x9 - x7x6 , x x - x,x,) c K[x, ) Xl ,..., x9]. 3 8 
Let A be the local ring of X at the origin x, = ... = xs = 0, and let B be the 
local ring of X at the subvariety x2 = ... = x9 = 0. We will show that B is a 
non-Cohen-Macaulay ring. From this we get that A is a non-Buchsbaum ring 
(see [18] or [19]). We consider the radical of (px , x2) in B, rad((p, , x2) . B). Let 
Y be a variety of PK2 defined by z,z,z, - zo.z22 + zr3 = 0. Let W be the SegrC 
embedding S(Y x IPr) C [FD5 defined by the ideal, pw say. Then we obtain by a 
suitable numeration of the indeterminates that rad((p, , x2) . B) = (x2 , x3 , x4 , 
x5, pw) . B, i.e., a primary decomposition of (px , xa) . B has only one isolated 
component. This component is given by rad((p, , x2) . B), because x2 , x3 , x4x6 , 
x6x5 , pw E (px , x2) . B, and therefore the ideal (px , x2) * B has an embedded 
component. This shows that B is a non-Cohen-Macaulay ring. In the fact, one 
can show that Z(B/q) = 3 and e,(q, B) = 2, where q C B is generated by the 
system of parameters x2 , x9 . Q.E.D. 
Remark. Studying a primary decomposition of (px , x2”) . B we get from 
Theorem S(iii) in [19] that B is a Buchsbaum ring. 
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PROPOSITION 8 (see Seidenberg [15]). Let G, H be plane curves without 
singularities, at least one of which has positive genus. The Segre’ embedding of 
G x H is an arithmetically normal non-Cohen-Macaulay surface F free of singu- 
larities. 
Proof. The arithmetic genus of G, H is the usual genus of G, H. The 
Theorem therefore yields that F is an arithmetically non-Cohen-Macaulay 
surface. Let A be the local ring of the vertex of the affine cone over F. The 
Corollary 1.1 yields that depth(A) > 2. Of course, F is free of singularities. 
Therefore Serre’s characterization f normal rings (see, e.g., [l I, p. 1251) shows 
that F is an arithmetically normal surface. Q.E.D. 
From this we obtain immediately an example from [20]. 
EXAMPLE 2. Let G be the cubic curve defined by the equation x12xa - xo3 + 
x,,xa2 = 0 in P2 and let H = Pl. Let F be G x H in its SegrC embedding in P5. 
Let A be the local ring of the vertex of the affine cone over F. By Proposition 8, 
A is a normal non-Cohen-Macaulay ring. By Corollary 1 of the Theorem we 
obtain that A is a Buchsbaum ring. 
But our Theorem also permits us to work with incomplete intersections in 
order to construct normal Buchsbaum rings which are not Cohen-Macaulay. 
EXAMPLE 3. Let C C PK3 be the curve given parametrically by 
{to5, to4t, + t15, t,“t,“, t,t14). 
Claim. Let A be the local ring of the vertex of the affine cone over the SegrC 
embedding of C x PI. Then A is a normal Buchsbaum ring but not a Cohen- 
Macaulay ring. 
Proof. The curve C is arithmetically Cohen-Macaulay (see, e.g., [13]). 
Therefore Corollary 1.1 yields that depth(d) > 2. It is not hard to show that C 
is nonsingular. Hence A is a normal ring (by Serre’s criterion). Let R be the 
homogeneous coordinate ring of C. We will show that r(C) = 1. 
The curve C is defined by the prime ideal 
p =: (xlp3 - x32,xo2x3 - XrJX12 + 2x33 + x2x:, x0x22 - x12x2 + 2x23x3 + x33). 
Hence the elements x2 , x0 + x1 are a system of parameters of R of degree 1, and 
we can show that 
but 
(x0 , Xl , x2 9 x3)"Z (Xl 9 x0 + Xl) + P 
(x0 > X1* *2 1 x3j2 g(x2 9 x0 + Xl) + P 
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because xs2 4 (x2 , x,, 3 x1) + p. Using Lemma 5 we get that r(R) = 1. The 
Theorem yields that A is a Buchsbaum but non-Cohen-Macaulay ring. Q.E.D. 
PROPOSITION 9. Let d be an arbitrary integer with d 3 3. Then there exist 
projective varieties V C P-$& such that the local ring A of the vertex of the afine 
cone over V is a normal Buchsbaum ring but not a Cohen-Macaulay ring of dimen- 
sion d. 
EXAMPLE 4. Let WC [Fpd-l be the variety defined by the equation 
xgd + xld + ... + xz-, = 0. Let A be the local ring of the vertex of the affine 
cone over the SegrC embedding of W x Pl C IFD2d-1. Then we obtain that 
dim(A) = d and depth(A) >, 2, by C orollary 1.1. Since W is nonsingular we 
get that A is a normal ring (by S erre’s criterion). Corollary 1 yields that A is a 
Buchsbaum non-Cohen-Macaulay ring. 
Remarks. (1) With considerable ffort he proof is given that A is a normal 
non-Cohen-Macaulay ring for the case d = 3 in [9, Theorem I] and [IO, 
Theorem 21. In [IO] Markoe even applies analytical methods; for example, he 
uses a generalization of Oka’s hypersurface normality criterion. An easy gene- 
ralization of this case is also given in [6] (see Example 5.9). 
(2) In view of Proposition 9 we mention the following remarks of Gunning 
and Markoe (see [lo]): “Examples of normal germs having relatively large 
homological dimension are apparently rather harder to come by ... Examples 
of non-perfect normal varieties are hard to construct and hard to find in the 
literature.” In this connection we still want to point out that Hironaka asked the 
following question in a discussion (at the University of Halle): Do there exist 
normal Buchsbaum singularities which are not Cohen-Macaulay (see [20])? 
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